ABSTRACT. Matching pursuit is an iterative method whereby a signal is decomposed into a linear combination of functions that are selected from a redundant dictionary. In the original paper by Mallat and Zhang [1], a dictionary of Gabor functions is proposed. Each Gabor function is the product of a Gaussian function with a complex sinusoid, and is specified by time, frequency and scale. Since these functions are qualitatively and quantitatively very similar to ultrasonic echoes, it is appropriate to use the matching pursuit method to decompose ultrasonic signals to locate and identify discrete echoes embedded in complex signals. In this paper, a modified implementation of the matching pursuit algorithm is described, where the algorithm is specifically designed for an efficient decomposition of ultrasonic signals. The size of the wavelet dictionary is adaptively determined by the spectrum of the ultrasonic signal and is further controlled by additional physically meaningful restrictions. In each iterative step, the pursuit of the matching function begins with a coarse grid in the parameter space of the dictionary, and the highest energy matching function is found by interpolation of this coarse grid over the parameters. The algorithm is applied to a variety of measured ultrasonic signals. Signals consisting of multiple echoes are successfully decomposed, and the individual wavelets are well-matched to the original echoes.
INTRODUCTION
Signal analysis is a critical process for ultrasonic nondestructive evaluation and structural health monitoring. From traditional pulse-echo methods and general guided wave approaches, to the more complex interrogation of compound materials, various methods have been developed to capture useful information from measured signals. Among these methods, matching pursuit [1] is an emerging signal processing technique capable of being used for the analysis of a wide range of ultrasonic signals, such as to calculate the time of flight of an ultrasonic echo [2] , separate overlapping guided wave modes [3] , or enhance echoes in scattered ultrasonic waves [4] .
The matching pursuit method decomposes a signal into a weighted sum of base functions via a greedy search (the pursuit) whereby functions from a dictionary that best match the signal are iteratively found. The keys for successfully using matching pursuit for ultrasonic signal analysis are to (1) choose a proper dictionary of base functions, and (2) determine an appropriate strategy for finding the best matching base function for each iteration. In this paper, a modified implementation of the matching pursuit algorithm is proposed for efficient decomposition of ultrasonic signals. The size of the function dictionary is determined by considering both the spectrum of the ultrasonic signal and the nature of the individual echoes. For each iteration, the pursuit of the matching function begins with a coarse grid in the parameter space of the dictionary, and the highest energy matching function is found by interpolating this coarse grid over a local region. The algorithm is applied to measurements of reverberating echoes to show the capabilities of this matching pursuit implementation.
Signals consisting of multiple echoes are successfully decomposed, and the individual wavelets are well-matched to the original echoes.
EXPERIMENTS
A set of ultrasonic signals was measured from a reverberation experiment as shown in Figure 1 . The thickness of the Plexiglas" specimen was 23.8 mm, and two aluminum plates of thicknesses 1.6 mm and 9.33 mm were used. In each case, the aluminum plate was clamped to the Plexiglas" specimen using oil coupling. A Panametrics 5 MHz, 6.4 mm diameter, longitudinal contact transducer was used with a spike mode excitation. Ultrasonic signals were recorded with a sampling rate of 125 MHz and a length of 20 \is. Figure 2 shows the reflection from the Plexiglas"-air interface without the aluminum; the main bang-surface echo is at the beginning of the signal and the interface echo is located between 17 \is and 18 \is. Figure 3 shows the reverberating echoes in the aluminum plates, recorded with a delay of 16 \is, where the first echo in each signal is the reflection from the Plexiglas "-aluminum interface and the following echoes are the reverberations in the aluminum layer. The Plexiglas "-air interface echo of Figure 2 is consistent in arrival time and shape with the first echoes in Figure 3 
ANALYSIS
Matching pursuit is an iterative method whereby a signal is decomposed into a linear combination of functions that are selected from a dictionary.
It was developed independently by Mallat and Zhang [1] and Qian and Chen [5] for the purpose of signal compression and approximation. Here, the idea and the original implementation procedure for the matching pursuit method are briefly reviewed, and a modified implementation method for ultrasonic signal decomposition is then proposed.
Matching Pursuit Method
In the original paper by Mallat and Zhang [1] , a redundant dictionary of nonorthogonal Gabor functions is proposed as the base functions. Each Gabor function is the product of a Gaussian function with a complex sinusoid,
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In this equation, u is the time shift of the Gaussian window, s is the scale of the Gaussian window, and £ is the radian frequency of the complex sinusoid. All possible Gabor functions are specified by the infinite parameter set y=(u,s,£), and a finite subset of the parameter space is denoted as y"=(u",s",i;").
Given a finite dictionary of Gabor functions y", the procedure of matching pursuit begins with finding the Gabor function from the dictionary that best matches the signal, and then subtracting this function from the signal to form a residual signal. This search and subtraction process is repeated on the residual signal until a stopping criterion is reached, such as a fixed number of iterations or when the norm of the residual signal reaches a small number. Here, "best matching" means the biggest inner product value between the Gabor function and the signal. Equations (2) and (3) describe this non-optimal matching procedure, where/is the original signal, R"f is the wth residual signal, and g^ is the best matching Gabor function for the wth iteration.
To define a finite dictionary of Gabor functions y"; i.e., to select a discrete subset in the parameter space of all possible Gabor functions, Mallat and Zhang proposed a method analogous to the orthogonal wavelet decomposition [6] ,
In this dictionary, if j ranges from 0 to logo/V where N is the length of the signal, then s ranges from 1 to N. For each s, the time shifts u and frequencies £ are chosen such that the time-frequency plane is completely covered; details are found in [1] .
Modified Implementation of Matching Pursuit
The dictionary proposed by Mallat and Zhang is succinct and complete from a mathematical point of view. However, it is not suitable for ultrasonic signal decomposition. For ultrasonic signal decomposition, we prefer time-localized Gabor functions to match time-localized echoes, i.e., small values for the scale s are preferred. Moreover, it is desired that the time and frequency increments between adjacent Gabor functions be independent of scale to achieve a uniformly high resolution.
Here, we propose a modified implementation to meet the above requirements. First, we select the range of center frequencies of the Gabor functions to be the support of the spectrum of the signal. Figure 4 shows the spectrum of the reverberation signal in the 1.6 mm aluminum plate. If we choose a threshold that is 5% of the peak value to determine the support range, then the frequency range of the Gabor functions would be 0.7 MHz to 10 MHz. The set of £ would then consist of discrete values that evenly span this frequency range.
The scale s of a Gabor function determines the support of the function in both the time and frequency domains since s is the standard deviation of the Gaussian window in the time domain. If we define the support T of the Gaussian window to be ±35 (six standard deviations), then the relationship between s and the support T is s = 776. To decompose time-localized signals, we desire time-localized Gabor functions. In order to ensure that the Gabor functions in the dictionary are localized in time, we explicitly relate the support T to the center frequency £ Specifically, for each frequency £ we form a group of Gabor functions with T=p-{2iz/^) where p is the number of cycles. The value of p ranges from/?i to p2, where p2 is chosen to avoid Gabor functions with too big of a support, while the value of p\ determines the narrowest echo that will be matched to a signal. Figure 5(a) shows a set of parameters s and^ for the signal plotted in Figure 3(b) . The frequency range is 0.7 MHz to 10 MHz, as determined from the spectrum of Figure 4 , and is divided into 20 segments. For each frequency, the values of s are selected so that the Gabor functions cover 3 to 10 cycles of that frequency. The last parameter to complete the dictionary of Gabor functions is the time shift u. Here, we choose the set u to be every time sample. In other words, each Gabor function specified by s and £ is shifted from the beginning of a signal to the end in steps of the sampling interval to achieve the maximum resolution in time.
The length of the measured ultrasonic signal is 2500 samples (20 jus). If we use the scale and frequency set defined in Figure 5 (a), the size of the dictionary of Gabor functions is 20x8x2500=400,000. Consequently, 400,000 inner products would have to be calculated and compared for each iteration. To reduce the computational effort while maintaining sufficient resolution, we utilize an interpolation method based on the idea of a two-stage search proposed by Mallat and Zhang [1] .
First, we define a coarse dictionary of Gabor functions. For the example shown in Figure 5 (a), we divide the frequency range into 10 segments rather than 20 segments. Similarly we divide the range of s into four segments rather than eight. Thus we obtain a reduced dictionary size of 10x4x2500=100,000. Next, at every iterative step, we determine the best matching Gabor function from the coarse dictionary, and then interpolate s and £ in the neighborhood of this best matching function to generate a group of Gabor functions on a finer grid, from which the best matching function is finally selected. Figure 5(b) illustrates the interpolation method for one iterative step, where the circles are the coarse grid points, the dots are the finer grid points, and the plus sign is the best matching parameter set. 
RESULTS
Figures 6 through 8 display the matching pursuit results for the three ultrasonic signals of Figures 2 and 3 . Each decomposition result is shown as two plots. The first plot is a pulse train, showing the magnitude and time shift of each matching function. The second plot is an image which shows all of the matching functions in the time-frequency plane. The echo from the Plexiglas"-air interface is used as a reference echo, and the sign of its corresponding pulse is set to be positive, as shown in Figure 6 . The signs of all the other pulses are then determined by comparing their phase angles to that of the reference echo. Each basis function in the decomposition is approximated in the image by a two dimensional Gaussian specified by the parameters of the matching Gabor function. For the results shown, a threshold of 5% of the peak is used to determine the frequency range from the spectrum of the signal. The division of the frequency range and the selection of scale s follow the example shown in Figure 5(b) . The pursuit procedure is stopped after 15 iterations. For the reverberation signals with distinct echoes, matching pursuit captures the echoes accurately. In Figures 6 and 7, matching functions with correct time shifts are indicated by solid dots based upon inspecting the pulse train and the image together. The time shift of the echo from the Plexiglas R -air interface and the average time interval of the reverberating echoes in the 9.33 mm aluminum plate are 17.384 \is and 2.936 |xs, respectively. Consequently, the speeds of sound in those two specimens are calculated to be 2.74 mm/us and 6.36 mm/us, respectively.
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For signals with overlapping echoes, additional considerations are required to obtain meaningful results. Figure 8 shows the decomposition result of the reverberation signal in the 1.6 mm aluminum specimen. Comparing Figure 8 and Figure 3(b) , one can see that if echoes are largely overlapping, they are captured by one Gabor function with a wide support rather than several Gabor functions with narrow supports because the mechanism of matching pursuit is to capture as much energy as possible in every iterative step.
To solve this problem, we must use additional information to adjust the dictionary. For the above example, center of energy of the signal spectrum, as shown in Figure 4 , is approximately 4 MHz. Considering that the transducer center frequency is 5 MHz, we limit the frequency range to 4 MHz to 5 MHz. To further limit the support of the Gabor functions, we can shrink the range of scale for each frequency to cover 2 to 3 cycles instead of 3 tolO cycles. Keeping all other settings the same, we obtain a better decomposition for the overlapping echoes, as shown in Figure 9 . The average interval of the reverberating echoes is 0.488 |xs, and the calculated sound speed is 6.56 mm/us.
SUMMARY AND CONCLUSIONS
Presented here is a modified implementation of matching pursuit optimized for ultrasonic signal decomposition. Because the Gabor base functions are qualitatively and quantitatively very similar to ultrasonic echoes, it is appropriate to use the matching pursuit method to decompose ultrasonic signals to locate and identify discrete echoes embedded in complex signals. In this paper, two issues regarding the implementation are addressed. The first is how to select a dictionary of the Gabor functions based on the nature of the signal and prior knowledge. The second is how to maintain proper decomposition accuracy with a small dictionary using an interpolation method. FIGURE 9. Matching pursuit of the reverberation signal in the 1.6 mm aluminum specimen with a more restricted dictionary.
The algorithm is applied to ultrasonic signals measured from a reverberation experiment, and the results demonstrate the capability of matching pursuit in decomposing distinct and overlapping ultrasonic echoes. This experiment serves as a benchmark, showing the validity of the proposed implementation method and the potential of matching pursuit, rather than a solution to the specific reverberation problem. Future work should address the analysis of more complex ultrasonic signals via matching pursuit as well as the computational efficiency in calculating the large number of inner products required for every iterative step.
